It is conjectured that Lagrange's theorem of four squares is true for prime variables, i.e. all positive integers n with n 4 ðmod 24Þ are the sum of four squares of primes. In this paper, the size for the exceptional set in the above conjecture is reduced to OðN 3 8 þe Þ: r
Introduction
The celebrated theorem of Lagrange states that every natural number is the sum of four integral squares. In 1938, Hua [8] proved that each large integer congruent to 5 ðmod 24Þ can be written as the sum of five squares of primes. In view of these results, it is conjectured that each large integer n 4 ðmod 24Þ is a sum of four squares of primes,
ð1:1Þ
However, a result of this strength seems out of reach at present, and what we can prove is just that the conjecture is true for almost all such integers n: More precisely, let EðNÞ be the number of all the positive integers n 4 ðmod 24Þ not exceeding N which cannot be written as (1.1). In 1938, Hua [8] proved that EðNÞ5N log ÀA N for some positive A: The size of EðNÞ has been reduced further, see for example, Schwarz [13, 14, 16, 20] .
In this paper, we improve the hitherto best upper bound for EðNÞ with the following theorem. ð1:2Þ
The circle method is applied to prove Theorem 1.1, but here the unit interval is divided into three types of arcs: the major, the minor, and the intermediate. Now the main difficulty, and hence our main novelty, arises in controlling the contribution from intermediate arcs, where we shall combine the idea of [20] together with the pruning technique. We give two approaches to treat the intermediate arcs: the first one employs the zero-density estimates for Dirichlet L-functions, while the second a variant of the treatment on major arcs in [13] . These two approaches are of independent interests, and also would be useful for further study on related problems.
The proof of Theorem 1.1 also requires an asymptotic formula (or a lower bound of approximately the expected order of magnitude) on sufficiently large major arcs. Theorem 1.2 of [13] has satisfied our need.
We conclude this introduction by mentioning other approximations to conjecture (1.1). Greaves [5] gave a lower bound for the number of representations of an integer as a sum of two squares of integers and two squares of primes. Later Shields [17] , Plaksin [15] , and Kovalchik [12] obtained, among other things, an asymptotic formula in this problem. Bru¨dern and Fouvry [1] proved that every large n 4 ðmod 24Þ is the sum of four squares of almost primes, and very recently HeathBrown and Tolev [7] have shown that such n is the sum of one square of prime and three squares of almost primes.
Notation. As usual, jðnÞ; mðnÞ; and LðnÞ stand for the function of Euler, Mo¨bius, and von Mangoldt respectively, tðnÞ is the divisor function. We use w mod q and w 0 mod q to denote a Dirichlet character and the principal character modulo q; and Lðs; wÞ is the Dirichlet L-function. For integers a; b; y we denote by ½a; b; y their least common multiple. The letter N is a large integer, and L ¼ log N: And rBR means Rorp2R: The letter e denotes a positive constant which is arbitrarily small, and c a positive constant; they may vary at different occurrences.
Outline of the proof
Throughout the paper, we set 
The bulk of the paper is devoted to the integral on the intermediate arcs K: In Sections 3-6, we will prove the following
In Sections 3-6, we will give two proofs for Lemma 2.3.
An upper bound for SðaÞ
In this section, we give an upper bound for where
In exactly the same way, we can establish the following Lemma 3.2, a general result on the exponential sum S k ðaÞ ¼ X where c40 is a constant depending on k:
Lemma 3.2. Let a be as in Lemma 3.1, and kX2 an integer.
where
First proof of Lemma 2.3
We will establish Z : Lemma 4.1 follows from (1.1) of Huxley [9] and Theorem 1 of Jutila [10] .
Denote by I the left-hand side of (4.1). By definition, for aAK 2 ; there exist 1papq with ða; qÞ ¼ 1 such that
and therefore,
We simply divide the range of q into dyadic intervals, and apply Lemma 3.1, to get
ðI B ðHÞ þ I D ðHÞ þ I E ðHÞÞ; say: ð4:4Þ
By the definition of P; we have EðaÞ5N
2 in Lemma 3.1, and consequently,
The last integral is 
ARTICLE IN PRESS
ð4:5Þ
Consequently,
Using (4.5) again, one has
By Lemma 4.1, we have
by noticing that AðsÞð1 À sÞp1: Similarly,
Thus we get 
Applying Lemma 4.1 again, we have
Since T 1Àe 0 5T 2 5T 0 ; we can replace the T 2 above by T 0 ; which causes at most an extra factor N e : Therefore, Now, collecting all estimates (4.6)-(4.8) into (4.4), and noticing that P Ã 5H5HT 0 5P; we have We will bound the above sums over r 6 ; y; r 1 consecutively.
The first interval. P Ã 5H5N 
In particular, here Lemma 5.4 is applicable since
The contribution of the last quantity ½r 1 ; y; r 4 Àx 2 L c to the sums over r 4 ; r 3 ; r 2 can be estimated by applying Lemma 5.2 consecutively three times. Its contribution to the sum over r 4 is 
By Lemma 5.2, the above arguments are valid provided
ð5:14Þ
Finally, inserting the last quantity r 
by Lemma 5.3 with x ¼ x 5 ; here Y should satisfy
ð5:15Þ
The above argument holds for all yX Other intervals. To prove (5.9) for other intervals for H; we let
We still have (5.12), but (5.13) replaced by where w is a Dirichlet character, and s a complex variable. The following hybrid estimate for F ðs; wÞ is important in our later argument.
Lemma 6.1. Let x and Z be as in (5.2).
(i) Let g be a positive integer. Then for any 1pRpX 2 and T40;
ð6:1Þ
(ii) In the special case g ¼ 1; we have
Proof. (i) We will use the simple property that ½g; rðg; rÞ ¼ gr: Then the left-hand side of (6.1) is
By Lemma 2.1 in [13] , for any 1pRpX 2 and T40;
Therefore the quantity in (6.3) can be estimated as
The result in (i) now follows from (5.2) and the estimates 
Specify X ¼ N 1=2 in the definition of F ðs; wÞ: As in Section 5 of [14] , we apply HeathBrown's identity (see Lemma 1 in [6] ), contour integration, and van der Corput's method. Then (6.4) is a consequence of the following two estimates: For 0oT 1 pT 0 ; we have
ð6:5Þ while for T 0 oT 2 pT; we have
By Lemma 6.1, the left-hand side of (6.5) is
The quantity within the last braces is, by T 0^P H ; if HbN y with y satisfying (5.6). This establishes (6.8). Applying Lemma 6.1(i) again, we can bound the left-hand side of (6.9) as 5g
ÀxþZ tðgÞ H P N By (6.10), the above quantity within braces is 51; if HbN y with y satisfying (5.6). This establishes (6.9), and hence Lemma 5.4. &
